K e y w o r d s: Oldroyd-B fluid, oscillatory stretching sheet, homotopy analysis method.
Introduction
The analysis of boundary layer flow caused by moving stretching surface has promising applications in many industrial and technological processes. These applications include metal spinning, metal extrusion, glass blowing, artificial fibers, filaments and wires and many more. Several authors have investigated the boundary layer flow of viscous fluids over stretching surfaces. CRANE (1970) computed an exact analytic solution of a viscous fluid over a linearly stretching surface. POP et al. (1996) investigated the unsteady boundary layer flow of viscous fluid over stretching surface. VARSHNEY (1979) discussed the fluctuating flow of viscous fluid over a saturated porous plate. WANG (1988) analyzed the boundary layer flow of viscous fluid over an oscillatory stretching surface by using perturbation technique. MUKHOPAD- HYAY et al. (2013) computed numerical solution of boundary layer flow of a Maxwell fluid over a stretching permeable surface in the presence of thermal radiation. ABBAS et al. (2009) discussed the two-dimensional boundary layer flow of a viscous fluid over an oscillatory stretching surface. ELSHEHAWEY et al. (2003) studied the effects of inclined magnetic field on the magneto fluid flow through a porous medium between two inclined wavy porous plates.
The study of hydromagnetic flow has engaged the attention of scientists and engineering due to its promising applications in the hydrodynamic processes and in the field of chemistry, physics, polymer industry and metallurgy. The electrically conducting fluid under the influence of magnetic field has prime importance in the cooling process to control the rate of cooling. Having such salient features in mind, many authors studied the MHD flows in different flow configurations (HAYAT et al. 2015 , RAJU et al. 2015 , ABBAS 2008 .
In past few years, the study of non-Newtonian fluids has received much attention of engineers and scientists because of their practical applications in chemical and nuclear industries, polymer solutions, bioengineering engineering etc. It is well established fact that nonlinear fluids obey nonlinear relationship between shear stress and rate of deformation. Among these nonlinear fluids, Oldroyd-B fluid is the class of fluids that attracted the attentions of researchers in recent times. Oldroyd-B fluid model is one of the models which exhibit the relaxation and retardation time effects. The literature survey shows that much attention is given on steady flow of Oldroyd-B fluid over a stretching sheet. We highlight some of them. RAJAGOPAL and BHATNAGAR (1995) studied the flow of an Oldroyd-B fluid over an infinite porous plate by computing asymptotically decaying solution. SAJID et al. (2010) presented the numerical solution for two-dimensional boundary flow of an incompressible Oldroyd-B fluid over a stretching surface. Later on, HAYAT et al. (2014) investigated the three dimensional flow and heat transfer of an Oldroyd-B fluid over a bidirectional stretching surface. In another paper, HAYAT et al. (2015) used homotopy analysis method to discuss the mixed convection flow of an Oldroyd-B fluid in a doubly stratified surface. ZHENG et al. (2011) computed exact solution of generalized Oldroyd-B over accelerating infinite plate.
In all above mentioned studies, the authors studied the steady flow of Oldroyd-B fluid in the given geometries. The aim of present work is to investigate an unsteady boundary layer flow of an Oldroyd-B fluid in presence of uniform magnetic field. The flow is induced by an oscillatory stretching sheet which stretched and oscillates periodically in its own plane. The consideration unsteady flow of Oldroyd-B fluid and magnetic field effects makes the study quite versatile and general. The results of important studies carried out previously (WANG 1988 , ABBAS et al. 2008 , HAYAT et al. 2010 , TURKYILMAZOGLU 2013 , ZHENG et al. 2013 , ALI 2015 , SHEIKH, ABBAS 2015 , ALI et al. 2016 ) and can be found from this study. The dimensionless partial differential equations are solved analytically by using well known homotopy analysis method (LIAO 2004 , ABBASBANDY 2007 , TURKYILMAZOGLU 2009 , 2012 . Graphical results illustrating the behavior of velocity is shown and discussed in detail.
Mathematical Model
The flow analysis is based on the following laws.
Law of conservation of mass:
Law of conservation of momentum:
where V is the velocity vector, J is the current density, B is the magnetic flux vector, ρ is the density of the fluid, T is the Cauchy stress tensor, d/dt represents the material derivative. We define Cauchy stress tensor
where S is the extra stress tensor which satisfies the following relation (HAYAT 2015):
In above equations λ 1 is the relaxation time, λ 2 is the retardation time, μ is the dynamic viscosity, * denotes the matrix transpose and A 1 is the first Rivlin-Ericksen tensor which isdefined as
The current density J appeared in Eq. (2) is defined as
in which σ is the electrical conductivity.
Flow Analysis
We consider a two-dimensional and incompressible flow of electrically conducting Oldroyd-B fluid over an oscillatory stretching surface (at ȳ = 0) and fluid occupy the space ȳ > 0. We choose a cartesian coordinate system (x, ȳ). It is assumed that the sheet is stretched with velocity u w = bx sin ω t (b is the stretching rate and ω is the angular frequency) in x -direction under the action of two equal and opposite forces. Further, external magnetic field of constant magnitude B 0 is imposed in ȳ direction and effects of induced magnetic field are neglected under the assumption of very large magnetic diffusivity.
For flow under consideration, the appropriate velocity field is
where u and v represents the velocity components along x and ȳ directions, respectively. Inserting Eq. (8) in Eqs. (1)- (7) and employing boundary layer approximations, we get the following equations
where v represents the kinematic viscosity. Eq. (10) is subjecte to the following boundary conditions
We introduce following dimensionless variables (WANG 1988) 
The continuity Eq. (9) is identically satisfied and Eq. (10) reduces to
The boundary conditions in dimensionless form are
where β 1 = λ 1 b and β 2 = λ 2 b are the dimensionless Deborah numbers in the terms of relaxation and retardation times, respectively, S = ω / b is the ratio of oscillating frequency to stretching rate parameter and M = √ σ B 2 0 / ρ b is the Hartmann number.
Series solution by homotopy analysis method
To start our simulation via the homotopy analysis method, we suggest the following initial guess for velocity profile
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where C i (i = 1,2,3) are arbitrary constants.
Zeroth-order deformation problems
The zeroth-order deformation for given problem is constructed as
where p ∈ [0,1] is an embedding parameter. The associated nonlinear operator
The zeroth-order deformation problems defined above have the following solutions corresponding to p = 0 and p = 1 fˆ(y,τ; 0) = f 0 (y,τ), fˆ(y,τ; 1) = f (y,τ)
Using Taylor's series expansion, we can write
The convergence of above series solution depends upon h f . We assume that h f is selected so that Eq. (24) converges at p = 1. Therefore
mth-order deformation problems
Here χ m is defined as 
Convergence of HAM Solution
The proper choice of the auxiliary parameters h f is important for convergence of the HAM solution. For a particular set of parameters, the convergence region can be obtained by plotting the so-called h-curves. 
Results and discussion
The analytical procedure explained in the previous section is adopted for the solution of the Eq. (14) with boundary conditions (15) and (16). The aim of this section is to present the graphical results and their interpretation. For this purpose, the effects of various parameters like Deborah numbers β 1 and β 2 ratio of angular frequency to stretching rate S and Hartmann number M on velocity profile are shown graphically. Figure 2a -d presents the effects of Deborah numbers (β 1 , β 2 ), Hartmann number M and ratio of angular frequency to stretching rate S on time-series of the velocity profile f' The effects of Deborah number β 1 on the time-series of velocity profile f' is shown in Figure 2a . It is observed that the amplitude of the velocity decreases with increasing Deborah number β 1 It is due to the fact that β 2 contains relaxation time which provides the resistance to the flow due to viscoelastic properties of the fluid. The variation of the time-series of the velocity profile with time τ for various values of β 2 is presented in Figure 2b . As expected, opposite behavior is observed as compared with Figure 2a i.e., the velocity decreases with increasing β 2 . Figure 2c illustrates the effects of ratio of angular frequency to stretching rate S on the time-series of the velocity by keeping M = 0.5, β 1 = 1, β 2 = 0.5. It is observed that an increase in S results in a pronounced phase shift and rise in the amplitude of oscillations. Figure 2d displays the effects of Hartmann number on time-series of velocity profile. It is observed that the amplitude of velocity decreases with increasing Hartmann number. Such effects are expected because the fact that magnetic force produces a Lorentz force which act as resistance to amplitude of flow velocity. Figure 3a , b displays the effect of Deborah number β 1 on the transverse profile of the velocity at two different time instants τ = 8.5π and τ = 9.5π. Figure 2a reveals that at time instant τ = 8.5π the velocity decreases from unity to zero inside the boundary layer. The suppression of amplitude is a direct consequence of the elastic nature of fluid. Moreover, an increase in β 1 results in decrease in the momentum boundary layer thickness. Figure 3b shows the influence of β 1 at time instant τ = 9.5π. Due to increase in β 1 the velocity of the fluid decreases and ultimately decreases the momentum boundary layer thickness.
The variation of transverse profile of velocity for various values of β 2 at two different time instants τ = 8.5π and τ = 9.5π is shown in Figure 4a , b. The transverse profiles of velocity illustrating the effects of β 2 at time instant τ = 8.5π are plotted in Figure 4a . It is observed that the magnitude of the velocity increases by increases β 2 . It can be justified physically as β 2 is associated with retardation time which increases with increase of β 2 . This increase in retardation time is responsible to increase the velocity of the fluid. Similarly at time instant τ = 9.5π the velocity increases from at the wall to zero far away from the surface. The momentum boundary layer thickness also increases at this time instant. Figure 5a and b demonstrates the effect of Hartmann number on the velocity profile at τ = 8.5π and τ = 9.5π, respectively. It is found that an increase in the Hartmann number M results in decrease in the velocity profile at both time instants. In fact the application of magnetic force produces a resistive force known as Lorentz force which has tendency to oppose the amplitude of the velocity. The effects of ratio of oscillating frequency to stretching rate parameter S on transverse profile of velocity at two different time instants τ = 8.5π and τ = 9.5π are shown in Figure 6a and b. From Figure 6a , it is clear at time instant τ = 8.5π the velocity profile increases with increasing ratio of oscillating frequency to stretching rate parameter S The momentum boundary layer thickness also increases with increasing S. In contrast, Figure 6b shows a decrease in the amplitude of flow velocity with the ratio of oscillating frequency to stretching rate parameter S at time instant τ = 9.5π.
Concluding remarks
We have investigated an unsteady two-dimensional boundary layer flow of Oldroyd-B fluid over an oscillatory stretching sheet by using boundary layer approximations. A well known analytic technique namely homotopy analysis method is used to compute the series solution. Study reveals that the time-series of amplitude of the velocity increases by increasing ratio of angular frequency to stretching parameter S and retardation time parameter β 2 , The effects of material parameters β 1 and β 2 on the velocity profile are quite opposite. It is also observed that the amplitude of velocity decreases by increasing Hartmann number. 
